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The necessity part of the proofs follows a general pattern for properties
(i) to (vii): from (3.20.11) it follows that El and E2 are isometric to closed
subspaces of Ex x E2; and then we remark that properties (i) to (vii) are
"inherited" by closed subspaces (obvious for (i) and (ii), and proved for
properties (iii) to (vii) in (3.10.9), (3.14.5), (3.17.3), (3.17.4), (3.18.4)). For
property (viii), the necessity follows from (3.19.7) applied to the projections
p^ and pr2; similarly, if E is locally connected, for any (al9 a2)eE and
any neighborhood Vx of al in E1? Vt x E2 is a neighborhood of (al9 a2)9
hence contains a connected neighborhood W of (ai9 a2); but then pr1 W is
a connected neighborhood of a± contained in V1? by (3.19.7) and (3.20.13).
The sufficiency of the condition for (i) and (ii) is an obvious consequence
of the definition of the distance in Et x E2. For (iii), if D1? D2 are at most
denumerable and dense in El9 E2 respectively, then Dj x D2 is at most
denumerable by (1.9.3), and is dense in E by (3.20.3). For (iv), if (zn) is a
Cauchy sequence in E, then (prx zn) and (pr2 zn) are Cauchy sequences in
Ex and E2 respectively by (3.20.7), hence they converge to ai9 a2 respectively,
and therefore (zh) converges to (al9 a2) by (3.20.6). For (vi), if (A£) (resp. (By))
is a finite covering of E1 (resp. E2) by sets of diameter < e, then (A£ x Ej)
is a finite covering of El x E2 by sets of diameter < a; and by (3.16.1), the
sufficiency of the condition for (iv) and (vi) proves it also for (v). The proof
for (v) yields a proof for (vii) if one remembers the definition of neighbor-
hoods in e! x E2. For (viii), let (al9 a2), (b^ b2) be any two points of E;
by (3.20.11) and the assumption, the sets {aj x E2 and Ex x {b2} are
connected and have a common point (ai9 Z>2). Hence their union is connected
by (3.19.3), and it contains both (al9 a2) and (bi9 b2); therefore, the connected
component of (ai9 a2) in E is E itself. The same argument proves the suf-
ficiency of the condition for (ix), remembering the definition of the neighbor-
hoods in E.
(3.20.17) In order that a subset A ofEt x E2 be relatively compact, a necessary
and sufficient condition is that prx A and pr2 A be relatively compact in E1 and
E2 respectively.
The necessity follows from (3.17.9) applied to prt and pr2; the sufficiency
follows from (3.20.16), (3.20.3) and (3.17.4).
All definitions and theorems discussed in this section are extended at
once to a finite product of metric spaces.

